The rationality of the parafermion vertex operator algebra K(g, k) associated to any finite dimensional simple Lie algebra g and any nonnegative integer k is established and the irreducible modules are classified.
Introduction
This paper deals with the representation theory of the parafermion vertex operator algebra K(g, k) associated to any finite dimensional simple Lie algebra g and positive integer k. More precisely, we establish the rationality and classify the irreducible modules for the parafermion vertex operator algebra K(g, k). If g = sl 2 , the classification of irreducible modules was achieved previously in [1] .
The origin of the parafermion vertex operator algebra is the theory of Z-algebra developed in [26, 27, 28] for constructing irreducible highest weight modules for affine KacMoody algebra. The main idea was to determine the vacuum space of a module for an affine Kac-Moody algebra. The vacuum space is the space of highest weight vectors for the Heisenberg algebra and is a module for the Z-algebra. Using the language of the conformal field theory and vertex operator algebra, this is the coset theory associated to the simple affine vertex operator algebra L g (k, 0) and its vertex operator subalgebra M h (k) generated by the Cartan subalgebra h of g. That is, the parafermion vertex operator algebra K(g, k) is the commutant of M h (k) in L g (k, 0) or a coset construction associated to the Lie algebra g and its Cartan subalgebra h [22] .
There has been a lot of investigation of the parafermion vertex operator algebras and parafermion conformal field theory in physics (see [2] , [20] , [21] , [23] , [32] , [34] , [35] ). The relation between the parafermion conformal field theory and the Z-algebra has been clarified using the generalized vertex operator algebra in [9] . But a systematic study of the parafermion vertex operator algebra took place only very recently. A set of generators of the parafermion vertex operator algebra K(g, k) was determined in [7] , [8] and [14] . Moreover, the parafermion vertex operator algebra K(g, k) for an arbitrary g is generated by K(g α , k α ) where g α is the 3-dimensional subalgebra isomorphic to sl 2 and associated to a root α, and k α = The representation theory of K(g, k) has not been understood well. It is proved in [1] that the Zhu algebra A(K(sl 2 , k)) is a finite dimensional semisimple associative algebra, the irreducible modules of K(sl 2 , k) are exactly those which appear in the integrable highest weight modules of level k for affine Kac-Moody algebra sl 2 , and K(g, k) is C 2 -cofinite for any g. Also see [15] on the C 2 -cofiniteness of K(g, k).
It is well known that the L g (k, 0) is a rational vertex operator algebra [18] , [30] and K(g, k) is also the commutant of lattice vertex operator algebra V √ kQ L in L g (k, 0) where Q L is the lattice spanned by the long roots [7] , [16] . There is a famous conjecture in the coset construction which says that the commutant U c of a rational vertex operator subalgebra U in a rational vertex operator algebra V is also rational. So it is widely believed that K(g, k) should give a new class of rational vertex operator algebras although this can only been proved so far in the case g = sl 2 and k ≤ 6 [7] .
Here are the main results in this paper: (1) For any simple Lie algebra g and any positive integer k, the parafermion vertex operator algebra K(g, k) is rational, ( 2) The irreducible modules of K(g, k) are those appeared in the integrable highest weight modules of level k for affine Kac-Moody algebra g. So we have a new class of rational vertex operator algebras.
Although the parafermion vertex operator algebras K(g, k) are subalgebras of the affine vertex operator algebras L g (k, 0) their structure are much more complicated. According to [7] , K(sl 2 , k) is strongly generated by the Virasoro element ω, and highest weight vectors 
, 5} but computable [7] . But if α, β are two different positive roots and u ∈ S α , v ∈ S β we do not know the commutator relation [Y (u,
The main idea in studying the structure and representation theory for an arbitrary Kac-Moody algebra is using the representations of sl 2 . We adopt the same idea here. We first establish the rationality of K(sl 2 , k). By a result in [6] , a vertex operator algebra V is rational if it is C 2 -cofinite, A(V ) is semisimple and any highest weight V -module generated from an irreducible A(V )-module is irreducible. As we mentioned already that the C 2 -cofiniteness of K(g, k) and semisimplicity of A(K(sl 2 , k)) were known due to the important work in [1] . So the main task in the case sl 2 is to prove any highest weight module generated by an irreducible A(K(sl 2 , k))-module is irreducible.
For general g we have already known that K(g, k) is C 2 -cofinite. The key result is Proposition 6.1 which says that if M = ⊕ n≥0 M(n) is an admissible K(g, k)-module generated by M(0) then M is a direct sum of the irreducible modules which are K(g, k)-submodules of irreducible L g (k, 0)-modules. This implies the semisimplicity of A (K(g, k) ) and the classification of irreducible K(g, k)-modules. The strategy is to regard M as a module for rational vertex operator algebra K(g α , k α ) for each α to get enough information about M and embed M into an admissible module for rational vertex operator algebra L g (k, 0). The classification of irreducible modules [1] and rationality of K(sl 2 , k) play essential roles here.
The paper is organized as follows. We review the vertex operator algebra V g (k, 0) associated to affine Kac-Moody algebra g and its irreducible quotient L g (k, 0) in Section 2. We also discuss the V g (k, 0)-modules V g (k, Λ) generated by any irreducible highest weight g-module L g (Λ). We recall from [14] the vertex operator algebra N(g, k) which is the commutant of the Heisenberg vertex operator algebra
Section 4 is devoted to the study of the parafermion vertex operator algebra K(g, k). In particular, K(g, k) is the irreducible quotient of N(g, k) and is also the commutant of
(which is the irreducible quotient of V g (k, Λ) and Λ is a dominant weight such that Λ, θ ≤ k where θ is the highest root of g) into a direct sum of irreducible
Λ,λ for λ ∈ Λ + Q where Q is the root lattice of g. In addition, we investigate the relation between these irreducible K(g, k)-modules M Λ,λ . The rationality of K(sl 2 , k) is given in Section 5. Both rationality and classification of irreducible modules for K(g, k) for any simple Lie algebra g are obtained in Section 6.
We assume the readers are familiar with the admissible modules, rationality, A(V )-theory as presented in [10] , [11] and [36] .
Affine vertex operator algebras
In this section, we recall the basics of vertex operator algebras associated to affine Lie algebras following [18] and [25] .
Fix a finite dimensional simple Lie algebra g with a Cartan subalgebra h. Denote the corresponding root system by ∆ and the root lattice by Q. Let , be an invariant symmetric nondegenerate bilinear form on g such that α, α = 2 if α is a long root, where we have identified h with h * via , . We denote the image of α ∈ h * in h by t α . That is, α(h) = t α , h for any h ∈ h. Fix simple roots {α 1 , ..., α l } and let ∆ + be the set of corresponding positive roots. Denote the highest root by θ.
For α ∈ ∆ + we denote the root space by g α and fix x ±α ∈ g ±α and h α = 2 α,α
isomorphic to sl 2 by sending x α to 0 1 0 0 , x −α to 0 0 1 0 and h α to 1 0 0 −1 .
for a, b ∈ g and m, n ∈ Z where
Fix a positive integer k and a weight Λ ∈ h * . Let L g (Λ) be the irreducible highest weight module for g with highest weight Λ and
be the induced g-module where g ⊗ C[t]t acts as 0, g = g ⊗ t 0 acts as g and K acts as k on L g (Λ). Then V g (k, Λ) has a unique maximal submodule J (k, Λ) and we denote the irreducible quotient by L g (k, Λ). In the case Λ = 0, the maximal submodule J = J (k, 0) of V g (k, 0) is generated by x θ (−1) k+1 1 [24] where 1 = 1 ⊗ 1 ∈ V g (k, 0). The J is also generated by x −θ (0) k+1 x θ (−1) k+1 1 [8] , [14] . Moreover, L g (k, Λ) is integrable if and only if Λ is a dominant weight such that Λ, θ ≤ k [24] . Denote the set of such Λ by P k + . It is well known that V g (k, 0) is a vertex operator algebra generated by a(−1)1 for
with the vacuum vector 1 = 1 and the Virasoro vector [18] , [25] ), where h ∨ is the dual Coxeter number of g and {u i |i = 1, . . . , l} is an orthonormal basis of h. Moreover, each V g (k, Λ) is a module for V g (k, 0) for any Λ [18] , [25] . As usual, we let
where [18] , [25] ).
Vertex operator algebras N (g, k)
We recall from [7] , [8] , [9] , [14] the construction of vertex operator algebras N(g, k) and their generators.
Let M h (k) be the vertex operator subalgebra of V g (k, 0) generated by h(−1)1 for h ∈ h with the Virasoro element
for h with a highest weight vector e λ such that
is a vertex operator algebra with the Virasoro vector ω = ω aff − ω h whose central charge is
One can also see [7] , [14] for the definition of the highest vector W 4 α , W 5 α of weights 4 and 5. Then N(g, k) is generated by ω α , W 3 α for α ∈ ∆ + [14] and the subalgebra of N(g, k) generated by ω α and W 3 α for fixed α is isomorphic to N(sl 2 , k α ) (cf. [7] , [8] , [14] ). Remark 3.1. It is proved in [7] that N(sl 2 , k) is strongly generated by ω,
where we omit the α as there is only one positive root. But it is not clear if N(g, k) is strongly generated by ω α , W i α for α ∈ ∆ + and i = 3, 4, 5. We also do not know the commutator relation [Y (u, z 1 ), Y (v, z 2 )] in general for these generators. It is definitely important to find the relation [Y (u, z 1 ), Y (v, z 2 )] for the generators explicitly. This will help to understand the structure of N(g, k) better.
Then we have
where
is the space of highest weight vectors with highest weight λ for h. Clearly,
. The decomposition (3.4) follows immediately.
Next we prove that
is an irreducible g-module. It follows from [12] and [29] 
is spanned by u n v for u ∈ N(g, k) and n ∈ Z. This implies that N Λ,λ is generated by
The universal enveloping algebra U( g) is Q-graded:
is an associative subalgebra of U( g) and is generated by K, h(m), x α 1 (s 1 ) · · · x αn (s n ) for h ∈ h, α i ∈ ∆ with i α i = 0 and m, s i ∈ Z. Note that U( g) = n∈Z U( g) n is also Z-graded such that deg x(n) = −n for x ∈ g and n ∈ Z, and deg K = 0. This induces a Z-gradation on U( g)(0). It is clear that for
The following Lemma is immediate now.
We next say few words on certain Verma type modules for vertex operator algebra N(g, k). Let V be a vertex operator algebra and A(V ) be its Zhu algebra. Let U be a simple A(V )-module. Recall from [11] and [5] that the Verma type admissible V -module M(U) = n≥0 M(U)(n) generated by M(U)(0) = U has the property: any admissible V -module W = n≥0 W (n) generated by W (0) = U is a quotient of M(U). We firmly believe that N Λ,λ is a Verma type admissible module for N(g, k) generated by L g (Λ) λ for Λ ∈ P k + and λ ∈ P (L g (Λ)). Unfortunately we cannot prove this result in the paper.
Vertex operator algebras K(g, k)
We study the parafermion vertex operator algebra K(g, k) in this section. We get a list of irreducible modules M Λ,λ from the irreducible L g (k, 0)-modules L g (k, Λ) for Λ ∈ P k + and λ ∈ Λ + Q. We also discuss how to use the lattice vertex operator subalgebra of L g (k, 0) and the simple currents of
as modules for M h (k), where
) and is called the parafermion vertex operator algebra associated to the irreducible highest weight module L g (k, 0) for g. The Virasoro vector of K(g, k) is given by
It follows from [12] , [25] , [29] 
But not all these irreducible modules M Λ,λ are different. We give some identifications of these modules using lattice vertex operator algebras of L g (k, 0) and simple currents of L g (k, 0).
Recall the root lattice Q of g. Let Q L be the sublattice of Q spanned by the long roots. Then Q and Q L have the same rank. It is known from [16] , [24] that the lattice vertex operator algebra V √ kQ L (see [3] and [17] ) is a subalgebra of
with the same Virasoro element. In fact,
as a module for M h (k) (see (4.1)). It is important to point out that in the definition of vertex operator algebra M h (k) we use the bilinear form , . If we use the standard notation for the lattice vertex operator algebra
-modules for h ∈ h also uses (, ) instead of , .
Remark 4.2. The parafermion vertex operator algebra K(g, k) is also the commutant of the rational vertex operator algebra V √ kQ L [4] , [10] in rational vertex operator algebra L g (k, 0). This explains why one expects that K(g, k) is rational.
Let L be an even lattice. As usual, we denote the dual lattice of L by L
• . It is known from [4] that the irreducible V L -modules are given by V L+λ where λ ∈ L
• . Moreover,
Since V L is rational for any positive definite even lattice L (see [4] , [10] ), we have the decomposition
Here is our first identification among M Λ,λ . In the case g = sl 2 , this result has been obtained in [7] . 
Proof. (1) follows from the decompositions (4.1)-(4.3).
We next investigate more connection between different M Λ,λ and M Λ ′ ,λ ′ . For this purpose, we need to discuss the simple currents for the vertex operator algebra L g (k, 0) following [31] . Let {e i , f i |i = 0, ..., l} be the Chevalley generators of g with simple roots {α 0 , ..., α l } and simple coroots {α Here is a list of a i = 1 using the labeling from [24] :
Recall that the level k integrable highest weight modules are L g (k, Λ) for Λ ∈ P k + . We have the following result from [31] (also see [19] ). 
There is an automorphism ψ i of g such that for n ∈ Z
where x θ ∈ g θ is defined as before.
(3) Let G be the group generated by all the ψ i with a i = 1. Let M be a g-module of level k. Then M (σ) is again a g-module of level k where σ ∈ G and M (σ) = M as vector spaces and the action of g on M (σ) is given by σ(a) for a ∈ g. In particular, each σ permutes the level k integral highest weight modules
Note that G is an abelian group. It follows from [31] that for σ ∈ G there is γ σ ∈ P such that for an arbitrary level k integrable highest module
. For example, we can take γ ψ i = Λ i . But the choice of γ σ is not unique.
Here is the other identification result.
as modules for K(g, k).
Proof. The result follows from the decompositions (4.2) and (4.4) immediately.
From Theorem 4.5 for σ ∈ G we define a map, also denoted by σ, from P/kQ L to itself by sending λ + kQ L to λ + kγ σ + kQ L for λ ∈ P. Then we can simply rewrite the relation
Remark 4.6. It is not clear to us that we get all the identification in Theorem 4.5. We will prove in Section 6 that {M Λ,λ |Λ ∈ P k + , λ ∈ P (L g (Λ))} gives a complete list of irreducible K(g, k)-modules. But we do not have a complete identification among them in general. This is definitely an important problem for completing the classification of irreducible modules for K(g, k).
Rationality of K(sl 2 , k)
In this section we establish the rationality of the parafermion vertex operator algebra K(sl 2 , k) associated to sl 2 . The irreducible modules for K(sl 2 , k) has been classified in [1] by determining the Zhu's algebra [36] A(K(sl 2 , k)) explicitly.
Recall that L sl 2 (k, 0) has exactly k + 1 irreducible modules L sl 2 (k, i) for i = 0, . . . , k where we have denoted L sl 2 (k, In this case, Q L = Q = Zα. Following [7] we let √ kQ = Zγ such that (γ, γ) = 2k. The irreducible V Zγ -modules are V Zγ+ j 2k γ for j = 0, . . . , 2k − 1. Then we have decomposition
The M i,i−2j was denoted by M i,j in [7] . The notation M i,j used here is consistent with the decomposition (4.2) for general g. In this case G is a cyclic group of order 2 generated by ψ 1 and M i,i−2j ∼ = M k−i,−k+i−2j for all i, j. The following result is obtained in [1] :
is a semisimple associative commutative algebra of dimension
and is a subalgebra of A(L g (k, 0)). 2. K(sl 2 , k) has exactly k(k+1) 2 irreducible modules given by M i,i−2j for i = 1, . . . , k and j = 0, . . . , i − 1.
3. K(g, k) is C 2 -cofinite for all g.
It is proved in [15] that the C 2 -cofiniteness of K(g, k) for any simple Lie algebra g follows from the C 2 -cofiniteness and rationality of K(sl 2 , k). A modification [1] of the proof given in [15] shows that the C 2 -cofiniteness of K(sl 2 , k) is good enough for the C 2 -cofiniteness of K(g, k) for any g. So the proof of the C 2 -cofiniteness for K(sl 2 , k) is the main task in [1] .
We also need a result from [6] for the rationality of K(sl 2 , k).
Proposition 5.2. Let V = ⊕ n≥0 V n be a C 2 -cofinite vertex operator algebra with dim V 0 = 1. Assume that A(V ) is semisimple and any V -module generated by an irreducible A(V )-module is irreducible. Then V is rational.
We now give the first main result.
Proof. By Theorem 5.1 and Proposition 5.2, it suffices to prove that if M = ⊕ n≥0 M(n) is an admissible K(sl 2 , k)-module generated by M(0) which is isomorphic to the top level
where W (n) = W ∩ M(n) for n ∈ Z. We have to prove that W = 0.
Assume that W = 0. There exist i ′ ∈ {1, ..., k} and j ′ ∈ {0, ..., j ′ − 1} such that there is a submodule U of W isomorphic to
+ n for any n ≥ 0. Assume that U = ⊕ n≥m U(m) where
. Recall from [24] that Ω is the Casimir operator of the affine algebra
We also define an action of d on M such that the restriction of d to M(n) is constant −n. Then the Cartan subalgebra Ch + CK + Cd acts on M. Recall from [24] the Casimir operator Ω of the affine algebra sl 2 . It is known that L aff (0) =
Although M is not a sl 2 -module, the Casimir operator Ω acts on M. We know that the actions of Ω and sl 2 on any restricted module commute. This fact is a consequence of the commutator relation on sl 2 . In particular, Ω commutes with the action of K(sl 2 , k) on any admissible K(sl 2 , k)-module. Thus
on submodule U. This forces equality i = i ′ . Consequently, m = 0, a contradiction. Thus M is irreducible, as desired.
Remark 5.4. One can also use the root system for affine algebra sl 2 . Recall that the δ is the canonical imaginary root. Then as a module for the Cartan subalgebra Ch + CK + Cd, M(n) = M i 2 α−jα+δ which is the weight space of M with weight i 2 α−jα+δ as [h(0), u n ] = 0 for any u ∈ K(sl 2 , k) and n ∈ Z. This again forces i = i ′ .
Representations of K(g, k)
We classify the irreducible modules for K(g, k) and establish the rationality for vertex operator algebra for K(g, k) associated to any finite dimensional simple Lie algebra g in this section.
The following proposition is the key result for both rationality and classification of irreducible modules of K(g, k).
Proposition 6.1. Let k and g be as before. Let U be an A (K(g, k) )-module and M = ⊕ n≥0 M(n) be an admissible K(g, k)-module such that M is generated by
). In particular, U is semisimple and M is irreducible if U is irreducible.
Proof. By Theorem 5.1, K(g, k) is C 2 -cofinite. This implies that A (K(g, k) ) is finite dimensional. So we can assume that U is a finite dimensional A (K(g, k) ) -module. There is a canonical algebra homomorphism from A(K(g α , k α )) to A(K(g, k)) for any α ∈ ∆ + and U becomes A(K(g α , k α ))-module which is completely reducible as A(K(g α , k α )) is semisimple. From the classification of irreducible modules of A(K(sl 2 , k)) we can write
So the Cartan subalgebra h acts on U. Since each h(0) is semimsimple and the actions of h(0) commute with each other we have a decomposition
Here for any α ∈ ∆ + , U Λ,λ is an A(K(g α , k α ))-module which is a direct sum of L g α (Λ α ) λ α where Λ α and λ α are the restrictions of Λ and λ to Ch α . For any λ ∈ P (L g (Λ)) we set
Since the actions of h(0) for h ∈ h commute with the action of , k) )-submodule of U. Without loss we can assume that U = U λ for some λ.
Thus, x α (s)u = 0. The proof of Claim I is complete. From [14] we know that the vertex operator algebra L g (k, 0)(0) is generated by
for α ∈ ∆ and m, n ≥ 1. This implies that M h (k) ⊗ U is spanned by
for β i ∈ h and γ j ∈ ∆ and m i , s j , t j ∈ Z.
Recall from (3.5) that U( g) is a g-module with weight space decomposition
Claim II: N is a module for the associative algebra U( g)(0) generated by U. Clearly, U( h)N ⊂ N. From the spanning set of U( g)(0) above, it is good enough to show that x γ 1 (s 1 ) · · · x γn (s n )U ⊂ N for γ i ∈ ∆ with γ i = 0 and s i ∈ Z. Note that if s n > 0 then x γ 1 (s 1 ) · · · x γn (s n )U = 0. We prove by induction on n. If n = 2, it is clear that x −α (s)x α (t)N ⊂ N for any α ∈ ∆.
Assume n > 2 and x γ 1 (s 1 ) · · · x γm (s m )U ⊂ N with γ 1 + · · ·+ γ m = 0 for 2 ≤ m ≤ n − 1. We have to prove x γ 1 (s 1 ) · · · x γn (s n )U ⊂ N with γ i = 0. There are two cases. Case 1. There exist 1 ≤ i, j ≤ n such that γ i + γ j ∈ ∆. Note that if
by the induction assumption, where (i 1 , ..., i n ) is any permutation of (1, ..., n). Without loss of generality, we may assume that γ 1 + γ 2 ∈ ∆. Let k, s be integers such that k + s = s 2 , s > 0 and s + s i > 0 for i ≥ 3. Let w = x γ 1 +γ 2 (k)x γ 3 (s 3 ) · · · x γn (s n )u with u ∈ U and γ 1 + · · · + γ n = 0. Then w ∈ N by the induction assumption and
Since s + s i > 0 for i ≥ 3 we see that
lies in N by induction assumption. As a result,
Case 2. For any 1 ≤ i, j ≤ n, γ i + γ j / ∈ ∆. Then there exist 1 ≤ i, j ≤ n such that γ i + γ j = 0. Otherwise, γ i + γ j = 0 for all i, j. This implies that γ i , γ j ≥ 0 for all i, j, thus γ 1 , n j=2 γ j ≥ 0. On the other hand, since
Without loss, we may assume
This finishes the proof of the Claim II. Now consider the induced module
It follows from the construction that P is generated by U.
It is easy to see that P (λ) = N. Let P 1 = P/X where X is the U( g)-submodule of P generated by M h (k) ⊗ x γ 1 (s 1 ) · · · x γn (s n )U for γ i ∈ ∆ and s n > 0. Clearly, X = α∈Q X(α + λ) and X(λ) = 0 where X(α + λ) = P (α + λ) ∩ X. We also have decomposition
where P 1 (α + λ) = P (α + λ)/X(α + λ) and P 1 (λ) = N. Although P may not be a module for V g (k, 0) but P 1 is definitely a V g (k, 0)-module as P 1 is a restricted g-module generated by U such that x(n)U = 0 for x ∈ g and n > 0.
Recall that u = x −θ (0) k+1 x θ (−1) k+1 1 is the generator of the unique maximal ideals of V g (k, 0) and N(g, k). Let X 1 is the subspace of P 1 spanned by u n P 1 for n ∈ Z. We claim that X 1 is a V g (k, 0)-submodule of P 1 . This is equivalent to the fact that for any v ∈ V g (k, 0), w ∈ P 1 and m, n ∈ Z, v m u n w lies in X 1 . Using the Proposition 4.5.8 of [25] gives v m u n w = i a i u n i v m i w for some m i , n i ∈ Z and a i ∈ C. So the claim holds. Recall the maximal ideal J of V g (k, 0) is spanned by v n u for v ∈ V g (k, 0) and n ∈ Z. Using the relation
gives that (v n u) m X 1 ⊂ X 1 for all v ∈ V g (k, 0) and m, n ∈ Z. Again,
where X 1 (α + λ) = P 1 (α + λ) ∩ X 1 spanned by u n P 1 (α + λ) for n ∈ Z. In particular, X 1 (λ) is spanned by u n N for n ∈ Z. Since M is a K(g, k)-module and u = 0 in K(g, k) we know that u n M = 0 for n ∈ Z. Note that the actions of h(m) and u n commute for h ∈ h and m ∈ Z. This implies that u n N = 0 for n ∈ Z. As a result, X 1 (λ) = 0. In order to get a L g (k, 0)-module, we consider the quotient module
with P 2 (λ) = N. From the construction of L g (k, 0) = V g (k, 0)/J we see that P 2 is a module for L g (k, 0) and is a direct sum of irreducible modules L g (k, Λ) for Λ ∈ P k + . By Lemma 4.1, each L g (k, Λ) is a completely reducible K(g, k)-modules. Thus each P 2 (α+λ) is a direct sum of irreducible K(g, k)-modules M Λ,λ for Λ ∈ P k + and λ ∈ Λ + Q. Clearly, U is the top level of P 2 . This implies that both N and M are direct sum of irreducible K(g, k)-modules M Λ,λ with Λ ∈ P k + and λ ∈ P (L g (Λ)). The proof is complete. Here is the second main result of this paper. Theorem 6.2. Let k and g be as before. Then K(g, k) is a rational vertex operator algebra and {M Λ,λ |Λ ∈ P k + , λ ∈ P (L g (Λ))} is a complete list of irreducible modules.
Proof. By Proposition 6.1, A (K(g, k) ) is a finite dimensional semisimple associative algebra whose irreducible modules are {L g (Λ) λ |Λ ∈ P k + , λ ∈ P (L g (Λ))}. By Theorem 5.1 and Proposition 5.2, K(g, k) is a rational vertex operator algebra. The result on the irreducible modules follows immediately.
Here is a corollary we do not know how to prove without using Theorem 6.2. Corollary 6.3. Let k and g be as before. Let Λ ∈ P k + and λ ∈ Λ + Q. Then M Λ,λ is isomorphic to M Λ ′ ,λ ′ for some Λ ′ ∈ P k + and λ ′ ∈ P (L g (Λ ′ )).
